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Abstract
We show a necessary and sufficient condition on the lattice Γ for the general real method (· , ·)Γ to
preserve the Banach-algebra structure. As an application we derive factorization of weakly compact homo-
morphisms through interpolation properties of weakly compact operators.
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1. Introduction
So far we are aware, interpolation of Banach algebras was considered by the first time in
1963 by Bishop [2] to study questions of analytic continuation. A year later, the famous paper
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the Banach-algebra structure is stable by complex interpolation. The case of the real method
(· , ·)θ,q is not clear yet. It is known that if q = 1 then it preserves Banach algebras. Even the
more general methods (· , ·)ρ,1 do it, as was established by Zafran [23] and Kaijser [14]. Methods
(· , ·)ρ,1 are defined as (· , ·)θ,1 but replacing the function tθ by a more general function parameter
ρ(t). Methods (· , ·)θ,1 and (· , ·)ρ,1 do not generate reflexive spaces except in some trivial cases
because, as was shown by Levy [15] and Cobos [6], if spaces (A0,A1)θ,1 and (A0,A1)ρ,1 are
not trivial then they contain subspaces isomorphic to 1.
Recently, Blanco, Kaijser and Ransford [3] have shown another class of real interpolation
methods which preserves also the Banach-algebra structure. This class is a special case of the
methods studied by Peetre in [21] and it can generate reflexive spaces. By using it, Blanco, Kai-
jser and Ransford have been able to carry over to the setting of Banach algebras the arguments
of Davis, Figiel, Johnson and Pelczyn´ski [12] on factorization of weakly compact operators
between Banach spaces (see also the monograph by Lindenstrauss and Tzafriri [16], vol. II,
Theorem 2.g.11). As effect they have shown in [3] that every weakly compact homomorphism
between Banach algebras factors through a reflexive Banach algebra. This answers a problem
raised in 1992 by Galé, Ransford and White [13, Problem 1.1].
In this paper we work with the general real method (· , ·)Γ , which is defined by replacing the
usual weighted Lq norm of (· , ·)θ,q by a more general lattice norm Γ . This is just the family of
interpolation methods introduced by Peetre [21]. They play an outstanding role in interpolation
theory as can be seen in the monograph by Brudnyıˇ and Krugljak [4], the papers by Cwikel and
Peetre [11] and by Nilsson [19,20]. Among other things, using the general real method one can
describe all interpolation spaces with respect to the couple (L1,L∞) (see [4] or [20]).
We shall show a necessary and sufficient condition on Γ for (· , ·)Γ to respect the Banach-
algebra structure. Applying our result to the classical real method it turns out that (· , ·)θ,q
preserves Banach algebras only if q = 1. As another application we derive factorization of
weakly compact homomorphisms between Banach algebras by using interpolation properties
of weakly compact operators established by Manzano and the present authors in [7].
The plan of the paper is simple. In Section 2 we revise some basic notions on real interpolation
and we establish some auxiliary results. Section 3 deals with interpolation of Banach algebras
and factorization.
2. Abstract K and J spaces
We start by recalling the main ideas of the general real method (· , ·)Γ realized in discrete way
(see [19] and also [4,21]). By a Banach couple A¯ = (A0,A1) we mean two Banach spaces Aj ,
j = 0,1, which are continuously embedded in some Hausdorff topological vector space. Peetre’s
K- and J -functionals are defined by
K(t, a) = K(t, a; A¯) = inf{‖a0‖A0 + t‖a1‖A1 : a = a0 + a1, aj ∈ Aj}, a ∈ A0 + A1
and
J (t, a) = J (t, a; A¯) = max{‖a‖A0, t‖a‖A1}, a ∈ A0 ∩ A1.
Let Γ be a Banach space of real valued sequences with Z as index set. We assume that Γ
is a lattice, that is to say, whenever |ξm|  |μm| for each m ∈ Z and {μm} ∈ Γ , then {ξm} ∈ Γ
and ‖{ξm}‖Γ  ‖{μm}‖Γ . We also assume that Γ contains all sequences with only finitely many
non-zero co-ordinates.
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min(1,2m)
} ∈ Γ, (1)
and we say that Γ is J -non-trivial if
sup
{ ∞∑
m=−∞
min(1,2−m)|ξm|:
∥∥{ξm}∥∥Γ  1
}
< ∞. (2)
Let Γ be a K-non-trivial sequence space. Given any Banach couple A¯ = (A0,A1), the ab-
stract K-space A¯Γ ;K = (A0,A1)Γ ;K consists of all a ∈ A0 +A1 such that {K(2m,a)} ∈ Γ . The
norm of A¯Γ ;K is ‖a‖A¯Γ ;K = ‖{K(2m,a)}‖Γ .
Let Γ be a J -non-trivial sequence space. The abstract J -space A¯Γ ;J = (A0,A1)Γ ;J is
formed by all a ∈ A0 + A1 that may be written as a =∑∞m=−∞ um (convergence in A0 + A1),
with {um} ⊆ A0 ∩ A1 and {J (2m,um)} ∈ Γ . We set
‖a‖A¯Γ ;J = inf
{∥∥{J (2m,um)}∥∥Γ : a =
∞∑
m=−∞
um
}
.
The spaces A¯Γ ;K and A¯Γ ;J are Banach spaces. Conditions (1) and (2) are essential to have
meaningful definitions (see [4,19]).
It is a consequence of the fundamental lemma of interpolation theory (see [1, Lemma 3.3.2])
that A¯Γ ;K ↪→ A¯Γ ;J . Here ↪→ means continuous inclusion. The converse embedding fails in
general. But, if the Calderón transform
Ω{ξm} =
{ ∞∑
k=−∞
min(1,2m−k)|ξk|
}
m∈Z
is bounded in Γ , then we have A¯Γ ;J ↪→ A¯Γ ;K (see [19, Lemma 2.5]). In such a case A¯Γ ;J =
A¯Γ ;K with equivalence of norms and we denote any of these two spaces simply by A¯Γ . By ‖·‖A¯Γ
we mean any of the norms ‖ · ‖A¯Γ ;K or ‖ · ‖A¯Γ ;J . This however will not cause any confusion.
For 1 q ∞ we let q be the usual space of q-summable scalar sequences with Z as index
set. Given any sequence {ωm} of positive numbers, we put q(ωm) = {ξ = {ξm}: {ωmξm} ∈ q}.
We denote by ¯q the Banach couple (q, q(2−m)).
The couple ¯1 is of special interest for us. As it is pointed out in [19, p. 295], for any ξ =
{ξm} ∈ 1 + 1(2−m) we have |ξk|  K(2k, ξ ; ¯1) for all k ∈ Z. Hence, for any K-non-trivial
sequence space Γ , we get(
1, 1(2−m)
)
Γ ;K ↪→ Γ. (3)
Let em be the sequence which is zero at all co-ordinates but the mth co-ordinate where it is
one. Since J (2k, ek; ¯1) = 1 for all k ∈ Z, for any J -non-trivial sequence space Γ and any ξ ∈ Γ ,
the J -representation ξ =∑∞m=−∞ ξmem satisfies that ‖{J (2m, ξmem; ¯1)}‖Γ = ‖ξ‖Γ . It follows
that
Γ ↪→ (1, 1(2−m))Γ ;J . (4)
Embeddings (3) and (4) yield the following result due to Nilsson [19, Corollary 2.6].
Lemma 2.1. Let Γ be a K- and J -non-trivial sequence space such that Ω is bounded on Γ .
Then (
1, 1(2−m)
)
Γ
= Γ (equivalent norms).
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ξ = lim
n→∞
n∑
j=−n
ξj ej (convergence in Γ ) for any ξ = {ξm} ∈ Γ, (5)
then it is not hard to check that for any Banach couple A¯ = (A0,A1) it holds that A0 ∩ A1 is
dense in (A0,A1)Γ ;J .
The following result will be important for our later considerations. Shift operators appear in
its statement. Recall that, for k ∈ Z, the shift operator τk is defined by
τkξ = {ξm+k}m∈Z for ξ = {ξm} ∈ Γ.
Lemma 2.2. Let Γ be a K- and J -non-trivial sequence space with τk bounded in Γ for all k ∈ Z
and the norms satisfying that
lim
n→∞ 2
−n‖τn‖Γ,Γ = 0 and lim
n→∞‖τ−n‖Γ,Γ = 0. (6)
Then for any Banach couple A¯ = (A0,A1) and any a ∈ A0 ∩ A1 there exists a J -representation
a =∑∞m=−∞ um with only a finite number of terms um different from zero such that∥∥{J (2m,um)}∥∥Γ  8‖a‖A¯Γ ;K .
Proof. By (6), there exists N ∈ N such that
‖a‖A0‖e0‖Γ ‖τ−N‖Γ,Γ  ‖a‖A¯Γ ;K and
‖a‖A1‖e0‖Γ 2−N+1‖τN−1‖Γ,Γ  ‖a‖A¯Γ ;K . (7)
If |m| < N , we can find a decomposition a = a0,m + a1,m such that
‖a0,m‖A0 + 2m‖a1,m‖A1  2K(2m,a).
For mN we put a0,m = a and a1,m = 0, while for m−N we write a0,m = 0 and a1,m = a.
Let
um = a0,m − a0,m−1 = a1,m−1 − a1,m, m ∈ Z.
Then {um} ⊆ A0 ∩ A1, um = 0 if mN + 1 or m−N and a =∑∞m=−∞um. Let us estimate
J (2m,um). For −N + 2mN − 1 we have
J (2m,um)max
{‖a0,m‖A0 + ‖a0,m−1‖A0,2m(‖a1,m−1‖A1 + ‖a1,m‖A1)}
 2K(2m,a) + 4K(2m−1, a) 6K(2m,a).
If m = N we get
J (2N,uN)max
{‖a‖A0 + ‖a0,N−1‖A0,2N‖a1,N−1‖A1} ‖a‖A0 + 4K(2N,a),
and for m = −N + 1 we obtain
J (2−N+1, u−N+1)max
{‖a0,−N+1‖A0,2−N+1(‖a‖A1 + ‖a1,−N+1‖A1)}
 2−N+1‖a‖A1 + 2K(2−N+1, a).
For the remaining values of m we have um = 0 and so J (2m,um) = 0. Consequently, using (7),
we derive
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 6‖a‖A¯Γ ;K + ‖a‖A0‖e0‖Γ ‖τ−N‖Γ,Γ + ‖a‖A1‖e0‖Γ 2−N+1‖τN−1‖Γ,Γ
 8‖a‖A¯Γ ;K . 
Next we give some important examples.
Example 2.3. Let Γ = q(2−θm) with 1 q ∞ and 0 < θ < 1. Then conditions (1) and (2) are
satisfied and the Calderón transform is bounded in q(2−θm). Hence, K- and J -spaces coincide.
They are equal to the classical real interpolation space
(A0,A1)q(2−θm);K = (A0,A1)q(2−θm);J = (A0,A1)θ,q
(see [1,4] or [22]). For shift operators we have ‖τk‖q (2−θm),q (2−θm)  2θk . Whence, (6) is also
fulfilled. It is well-known that A0 ∩ A1 is dense in (A0,A1)θ,q if q < ∞. As for Lemma 2.2 in
this case, it was established in the course of the proof of [9, Theorem 5].
Example 2.4. Let Γ = q(2−θm(1 + |m|)γ ) where 0 < θ < 1 and 1 < q < ∞, γ > (q − 1)/q or
q = 1, γ  0. Again, conditions (1) and (2) are satisfied. For the Calderón transform we have
‖Ω‖q(2−θm(1+|m|)γ ),q (2−θm(1+|m|)γ ) 
∞∑
m=−∞
min(1,2m)2−θm
(
1 + |m|)γ
and the last sum is finite because 0 < θ < 1. Hence, given any Banach couple A¯ = (A0,A1), we
have
(A0,A1)q(2−θm(1+|m|)γ );K = (A0,A1)q(2−θm(1+|m|)γ );J .
Since (5) is fulfilled, the intersection A0 ∩ A1 is dense in (A0,A1)q(2−θm(1+|m|)γ ). Finally, it
turns out that
‖τk‖q(2−θm(1+|m|)γ ),q (2−θm(1+|m|)γ )  2θk
(
1 + |k|)γ ,
therefore (6) is also satisfied.
Let B¯ = (B0,B1) be another Banach couple. We write T ∈ L(A¯, B¯) to mean that T is a linear
operator from A0 + A1 into B0 + B1 whose restriction to each Aj defines a bounded operator
from Aj into Bj for j = 0,1. If T ∈ L(A¯, B¯), then it is clear that the restrictions
T : (A0,A1)Γ ;K → (B0,B1)Γ ;K and T : (A0,A1)Γ ;J → (B0,B1)Γ ;J
are bounded.
Manzano and the present authors have studied in [7,8] the interpolation properties of cer-
tain kinds of operators. In particular, they considered weakly compact operators. Recall that a
bounded linear operator T :A → B between the Banach spaces A and B is said to be weakly
compact if T carries the closed unit ball of A onto a relatively weakly compact subset of B . The
following result is established in [7, Corollary 4.4].
Theorem 2.5. Let Γ be a reflexive sequence space satisfying (6). Let A¯ = (A0,A1) and B¯ =
(B0,B1) be Banach couples, and let T ∈ L(A¯, B¯) such that T :A0 ∩ A1 → B0 + B1 is weakly
compact.
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(ii) If Γ is J -non-trivial, then T : A¯Γ ;J → B¯Γ ;J is weakly compact.
3. Interpolation of Banach algebras
We start by fixing the terminology with some definitions.
Definition 3.1. By a Banach algebra we mean an algebra A which is also a Banach space and
such that there is a constant cA > 0 such that for all a, b ∈ A we have
‖ab‖A  cA‖a‖A‖b‖A.
Remark 3.2. Usually it is required cA = 1 (see, for example, the monographs by Naimark [17]
or Conway [10]) but Definition 3.1 is equivalent to the usual one (see [10, Exer. VII.1.1]).
Definition 3.3. By a couple of Banach algebras A¯ = (A0,A1) we mean a Banach couple formed
by Banach algebras Aj , j = 0,1, such that the two multiplications agree on A0 ∩ A1.
Example 3.4. The couple ¯1 = (1, 1(2−m)) is a couple of Banach algebras if multiplication is
defined as convolution
ξ ∗ η =
{ ∞∑
k=−∞
ξkηm−k
}
m∈Z
, ξ = {ξm}, η = {ηm}.
Definition 3.5. Let Γ be a K- and J -non-trivial sequence space satisfying (5) and with the
Calderón transform bounded on Γ . We say that the interpolation method (· , ·)Γ preserves the
Banach-algebra structure if given any couple of Banach algebras A¯ = (A0,A1) there is a con-
stant cA¯Γ > 0 such that
‖ab‖A¯Γ  cA¯Γ ‖a‖A¯Γ ‖b‖A¯Γ for all a, b ∈ A0 ∩ A1.
Remark 3.6. Under the assumptions in Definition 3.5, the intersection A0 ∩ A1 is dense in A¯Γ
and so multiplication can be extended by continuity to the whole of A¯Γ , transforming A¯Γ into a
Banach algebra.
As we said in the Introduction, Calderón showed in [5, 10.5], that the complex interpolation
method preserves the Banach-algebra structure. The next result settles the case of the general
real method.
Theorem 3.7. Let Γ be a K- and J -non-trivial sequence space, with the Calderón transform
bounded on Γ . Assume that (5) is satisfied and that shift operators on Γ fulfill
lim
n→∞ 2
−n‖τn‖Γ,Γ = 0 and
lim
n→∞‖τ−n‖Γ,Γ = 0.
Then a necessary and sufficient condition for the method (· , ·)Γ to preserve the Banach-algebra
structure is that Γ be a Banach algebra with multiplication defined as convolution.
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Suppose that (· , ·)Γ preserves the Banach-algebra structure. Applying this method to the cou-
ple of Banach algebras in Example 3.4 and using Lemma 2.1 it follows that
Γ = (1, 1(2−m))Γ
is a Banach algebra with multiplication defined as convolution.
The condition is sufficient:
Take any a, b ∈ A0 ∩ A1. By Lemma 2.2, we can find J -representations a = ∑∞m=−∞ um,
b =∑∞m=−∞ vm with only a finite number of terms um, vm distinct from zero and such that∥∥{J (2m,um)}∥∥Γ  8‖a‖A¯Γ ;K , ∥∥{J (2m,vm)}∥∥Γ  8‖b‖A¯Γ ;K .
We have ab = ∑∞m=−∞(∑∞k=−∞ ukvm−k). Let wm = ∑∞k=−∞ukvm−k . Since only a finite
amount of products ukvm−k are non-zero, we have {wm} ⊆ A0 ∩ A1. Moreover,
J (2m,wm)
∞∑
k=−∞
max
{
cA0‖uk‖A0‖vm−k‖A0,2kcA1‖uk‖A1‖vm−k‖A1
}
max{cA0, cA1}
∞∑
k=−∞
J (2k, uk)J (2m−k, vm−k).
Consequently,
‖ab‖A¯Γ ;J 
∥∥{J (2m,wm)}∥∥Γ
max{cA0, cA1}
∥∥∥∥∥
{ ∞∑
k=−∞
J (2k, uk)J (2m−k, vm−k)
}∥∥∥∥∥
Γ
 cΓ max{cA0, cA1}
∥∥{J (2m,um)}∥∥Γ ∥∥{J (2m,vm)}∥∥Γ
 64cΓ max{cA0, cA1}‖a‖A¯Γ ;K‖b‖A¯Γ ;K .
This completes the proof. 
The space q(2−θm) with convolution is a Banach algebra only if q = 1. Therefore, as a
direct consequence of Theorem 3.7, we derive the following characterization for the classical
real method.
Corollary 3.8. The classical real method (· , ·)θ,q preserves the Banach-algebra structure only if
q = 1.
The next result refers to interpolation methods generated by spaces in Example 2.4.
Corollary 3.9. Let Γ = q(2−θm(1 + |m|)γ ) where 0 < θ < 1 and 1 < q < ∞, γ > (q − 1)/q
or q = 1, γ  0. Then (· , ·)Γ preserves the Banach-algebra structure.
Proof. Let
cΓ = sup
m∈Z
( ∞∑ ( 1 + |m|
(1 + |k|) (1 + |m − k|)
) γ q
q−1
) q−1
q
if 1 < q < ∞
k=−∞
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cΓ = sup
m,k∈Z
{(
1 + |m|
(1 + |k|)(1 + |m − k|)
)γ}
if q = 1.
Assumption on γ and q yields that cΓ < ∞.
For any m ∈ Z, if follows from Hölder’s inequality that
2−θm
(
1 + |m|)γ
∣∣∣∣∣
∞∑
k=−∞
ξkηm−k
∣∣∣∣∣

( ∞∑
k=−∞
(
1 + |m|
(1 + |k|)(1 + |m − k|)
) γ q
q−1
) q−1
q
×
( ∞∑
k=−∞
(
2−θk
(
1 + |k|)γ |ξk|2−θ(m−k)(1 + |m − k|)γ |ηm−k|)q
)1/q
.
Hence
‖ξ ∗ η‖Γ  cΓ ‖ξ‖Γ ‖η‖Γ
and so Γ = q(2−θm(1 + |m|)γ ) with convolution is a Banach algebra. Now the result follows
by applying Theorem 3.7. 
Remark 3.10. A sufficient condition on {wm} so that q(wm) with convolution is a Banach
algebra can be found in [18, p. 781] (see also [3, Proposition 2.3]).
We end the paper dealing with factorization of weakly compact homomorphisms between
Banach algebras. We follow a different approach from [3]. It is based on Theorems 3.7 and 2.5.
Theorem 3.11. Let A and B be Banach algebras and let Φ :A → B be a weakly compact
Banach-algebra homomorphism. Then there is a reflexive Banach algebra W and Banach-
algebra homomorphisms Φ1 :A → W , Φ2 :W → B such that Φ = Φ2 ◦ Φ1.
Proof. Let Ker(Φ) be the kernel of Φ and consider the quotient Banach algebra A0 =
A/Ker(Φ). We can factorize Φ as
A
Φ
Q
B
A0 j B
IB
where Q(a) = [a] is the quotient mapping and j ([a]) = Φ(a). It is clear that Q and j are
Banach-algebra homomorphisms. Furthermore, the map j :A0 → B is an embedding, so (A0,B)
is a couple of Banach algebras.
Let Γ = q(2−θm(1 + |m|)γ ) with 0 < θ < 1, 1 < q < ∞ and γ > (q − 1)/q . Put W =
(A0,B)Γ . According to Corollary 3.9, W is a Banach algebra. On the other hand, since Φ is
weakly compact, it follows that j :A0 → B is weakly compact as well. Then, taking into account
that Γ is reflexive and using Theorem 2.5, we derive that W is reflexive.
F. Cobos et al. / Bull. Sci. math. 130 (2006) 637–645 645Consequently, the homomorphism Φ can be factorized through the reflexive Banach algebra
W as
A
Φ
Φ1
B
W
Φ2
with Φ1 = j ◦ Q = Φ and Φ2 = IB . 
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